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Graph Laplacian Let G(V, E) be a graph with vertex set V and edge set E. The graph Laplacian (or
combinatorial Laplacian) ∆ is defined [1] by

∆uv = (D − A)uv = deg(v) if u = v; −1 if u and v are adjacent (u ∼ v); 0 otherwise ,
where u, v ∈ V and deg(v) denotes the degree of v. The diagonal matrix D is called as the degree
matrix while A is known as the adjacency matrix.
Field Theory on a Graph (Graph Field Theory=GFT) We can construct the action for various free fields
whose (mass)2 spectra are given by the eigenvalues of ∆ (an associated mass scale is set to unity) [2].
For example, the lagrangian density for scalar fields can be written by

Ls = −1
2

∑
u,v φu(x)(−∇2δuv + ∆uv)φv(x) = −1

2
∑

v(∇µφv(x))2 − 1
4

∑
u∼v(φu(x) − φv(x))2 .

Next we consider a directed graph. An oriented edge e = {u, v} connects the origin u = o(e) and the
terminus v = t(e). The lagrangian density for Dirac fields associated with the directed graph can be
written by

Lf =
∑

v∈V ψRviγ
µ∂µψRv +

∑
e∈E ψLeiγ

µ∂µψLe + (
∑

e∈E

∑
v∈V ψLeE

†
evψRv + h.c.) ,

where the incidence matrix E is defined by Eve = 1 if v = o(e);−1 if v = t(e); 0 otherwise . Since
EE† = ∆, the mass spectrum is given by the eigenvalues of ∆ and (#E − #V ) zero modes. If
#E = #V , the left-handed fermion may be put on each vertex. In this case, the mass term becomes
(
∑

e∈E ψL o(e)(ψR o(e) −ψR t(e))+h.c.). This is the same as the term for the Wilson fermion with a unit
hopping parameter if we take a cycle graph (Cn).
Further we introduce link fields Ue (with |Ue| = 1). We can write the lagrangian density for vector
fields whose (mass)2 matrix is ∆ (and, a certain number of massless scalar fields) as

Lv = −1
2

∑
v∈V trFµν

v Fv µν −
∑

e∈E tr|DµUe|2 , where DµUe = ∂µUe + i(Aµ
o(e)Ue − UeA

µ
t(e)).

Introducing the link field into matter-field lagrangian is also possible. Then ∆o(e) t(e) is replaced by
−Ue, instead of −1 (in other words, the edge e has the edge-weight Ue).
One-loop divergences in effective action One-loop effective action can be obtained by use of the heat
kernel method. Because the trace of the kernel for a graph Laplacian can be expanded as

Tr exp(−∆t) = #V − (TrD)t + 1
2(TrD2 + TrD)t2 + O(t3),

the amount of quartic, quadratic and logarithmic divergences in the effective action for GFT should
depend only on the number of vertices (the order of G) and the degree matrix (up to zero-mode con-
tribution). One can choose matter contents and graph for each field in order to cancel the divergences;
the divergences from bosonic and fermionic degrees of freedom on graphs with the same degree matrix
cancel each other. An application to one-loop finite ‘induced gravity’ can be found in [3].
Graph Hosotani Mechanism? Let the length of the shortest closed path c = (e1, . . . eN) in G be N(≥
3). The trace of the heat kernel of ∆ for matter fields coupled to the link fields includes a term
ReTrUe1 · · ·UeN and its coefficient is O(tN). Therefore the one-loop effective potential for the zero
mode of link fields is UV finite (up to a field-independent divergence). If we take Cn and consider the
limit n → ∞, the model reduces to the original Hosotani model [4] (it should be read A5 ∼ χ, where
U = eiχ). The realization of non-Abelian symmetry breaking in GFT may not be so easy as in the
Hosotani models. We are studying the symmetry breaking in GFT of the graph which has edges with
and without weights (a simple example has been used in [3]). The report on the symmetry breaking
in GFT will appear elsewhere [5].
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