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|ntroduction
Solving the many-body (even for 2-body) problem of
BHsin General Relativity isvery difficult.
Maximally Charged BHs can move slowly even in
the strong gravitational field,
because the cancellation of static for ces.
Their motion can be described as geodesics in the
moduli space.
On the other hand, dilaton-coupled BPS solitons
often appear in String Theory.
We analyze two-body scattering of maximally-charged
dilatonic black holes by studying their moduli space.

Scattering off to the infinity Coalescence of two BHSs



1. Charged Dilatonic Black Holes

TheAction for the Einstein-Maxwell-Dilaton system is

I Y \@ 2 2app2
S—jd XE[R—Z(V(p) e 2 F?]

a=1: the action coincides with that of effectivefied

theory of string theory.
If we rescale g/,tv — ez¢ guv
V-,
weget S= J d*x ™ e?|R+4(V¢)*—F?]
a=3: Kaluza-Klein theory for metricin 5 dims.

gABdXAdXB = exi%}uv dx"dx" + ex;{_jf—gb}dw 2A dX“)2
J-d5 \/7 J.d4 \/7[R 2(V¢) —2x3¢|: ]

[1 Dilaton fields also appear in certain models of
Supergravity.



The Geometry of a Charged Dilatonic Black Hole

ds’ =-Ao 2dt? + o*(Adr* + r2dQ?)

r r r 2a®/(1+a®)
_ + - 2(r) = -
where 80=(1-5[1-5) g 0*0=(1-%)

_Q
Electric Field: = 7zdtadr

config. of Dilaton Fidld: € =a*(r)

2

Mass (M): 2M =1, _+ r

1+a° -
o Ir
Electric Charge (Q): 14 3?2
s ar
Dilatonic Charge (X): 14+ 82
r=M+M2-(1-a)Q r_=t:2(M—JM2—(1—aZ)Q2)

Extremity Condition:
r=r -Q=1+a’)M? x?=a’M?
r=r=>1+a’)M
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JArea of the horizon:

~

A, =4nf?
with
a’/(1+a®)
L=ro(r)= r{l— r_)
r-+

[JHawking Temperature:

1 : (1-a°)/(1+a%)
Th ::B_Hl —(1_ _]

Amr \ T,
JEntropy of the CDBH:
1 2a% I(1+a°)
~ I
S) - AH = 7ZT+2(1— _)
4 r

Quantum aspects for a charged dilatonic BH:
KS, Mod. Phys. Lett. A7 (1992) 3449
KS, Mod. Phys. Lett. A7 (1992) 3569
KS, Mod. Phys. Lett. A9 (1994) 3509



khkkkkhkhkhkhkkkkhkhkhkhkkkkkhkhkhkkkk%k

There istwo pameters for three “charges’ (M,Q,Y).
Thisis because the condition for existence of a horizon surrounding a singularity.

For general sphericaly-symmetric soliton solution (with a naked singularity) with
arbitrary amounts of charges, see, for example,

M. Rakhmanov, Phys. Rev. D50 (1994) 5155.
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Rotating Char ged Dilaton Black Holes

An exact solution is known only for &=3 in the above model.

(Belinsky and Ruffini ,Phys. Lettr B89 (1980) 195)

In effective field theory of string theory, exact solutions have been obtained by
inclusion of an antisymmetric tensor field.
(A. Sen, Phys. Rev. Lett. 69 (1992) 1006)

In our model with arbitrary a, approximate solutions with infinitesma spin are
known.

(KS, Phys. Lett. A166 (1992) 298,

Horne and Horowitz, Phys. Rev. D46 (1992) 1340)

We find the g factor depends on charge Q if a#0 and

g 2asQ Oforanya

L ater, solutions with finite angular momentum but small a are found.
(Casadio, Harms, Leblanc and Cox, Phys. Rev. D55 (1997) 814)



Forces between Charged Particles
on the other hand, Hamiltonian for Two-particle system,
obtained by the Lienar d-Wiechert method

(valid for arbitrary masses, e€lectric charges, and
dilatonic charges (KS, J. Math. Phys. 34 (1993) 1480))

1 1 1
H= E IV|1V12 "'E szg + E[Qle — 22— Mle]

V24V,
R

V, -V
S— [Q1Q2+2122_7M1M2]

+ -2, + 3M,M, ]

_|_

YD [QQ, -2 x, - MM,

+O(v°,R?)

where R is the distance between two objects 1 and 2.



For Extreme (Dilatonic) Black Holes (r_=r,),

the mutual static forces among BHs are totally
cancelled with one another.

| Gravitation +Scalar Attractive Force|

= | Coulomb repulsion|
IvlaMb T Z“azb = QaQb = (1+ aZ) |\/IaMb
U suggests...

Existence of the static multi-BH

solution!

cf. the Papapetrou-M g umdar-Myers Solution
(no dilaton)

2. Static Multi-Centered Solution and M oduli space
for Maximally-Char ged Dilatonic Black Holes



Multi-Centered Solution in the isotropic coordinates
KS, J. Math. Phys. 34 (1993) 1480

ds’ =—U~?(x)dt* + U *(x)dx’
with U(x) = [V ()]

V(X)=1+ Y L
al a=1 ‘X o Xa

1 -1
Electric potential : A= T+ {1— [V(x)] }dt
Dilaton configuration; €% = V(X))

u

. M — a

Mass: ® 1+ a°

Ha
Electric Charge: Q. 1+ 32

_au,
Dilatonic Charge: 2 = 1+ 22

Each “BH” satisfiesthe Extremity Condition.
Cancellation of Static Forces between “BH” s

| Gravitation +Scalar Attractive Force|

= | Coulomb repulsion|

IvlaMb T Z“azb = QaQb
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Exact solutions for Cosmological Multi-BHs [with

Cosmological(-like) term, time-dependent] are also
Known.

Maki and KS, Class. Q. Grav. 10 (1993) 2171
Prog. Theor. Phys. 90 (1993) 1259
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M oduli Space Metric

Static n-soliton configuration can be characterized by a

finite numbers of parameters.

For Extreme Black Holes, the counting of the number
of parameters is easy, since any of two black holes can
be distinguished. (cf. Monopoles, Vortices,)

The dimension of the parameter space (moduli space)

for n-Extreme BH system is 3n.

The slow motion of solitons are expected to be
described by the geodesic motion on the moduli space.
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To obtain the metric for the moduli space of n-
maximally charged dilatonic BHs, we calculate the
Hamiltonian for the system including the field and
BHsas“ sources’.

We need only O(v?) terms. Thus we treat the field
equation with slowly-moving "sources' perturbatively.
The radiation backreactions are expected to appear in
higher order inv.

We can write the O(v?) Hamiltonian as

H:EG dx, dx,
2 Y odt ot

To obtain the trgjectory which extremize

J Hdt is equivalent to find the geodesic
In the space with metric G.
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The volume of moduli space is equivalent to Canonical Partition function.

J [do][dp]exp(-fH)  H = %VTGV = %pTG_lp
I

3N/2

iz G
Zo=il e | 1 lcaldee

TN h3N

Application to the maximally-charged dilatonic BHs

Kan, Maki and KS, Phys. Rev. D64 (2001) 104009

PHYSICAL REVIEW D 64 104009

FIG. 1. f(y) is plotted against y for =3, d=4, d=5, and d=9. The solid line is obtained by the mean-field approximation, the dashed
line by the lowest-order Pade approximation, the dot dashed line by the next-to-leading Padé approximation, and the dotted line is the series
expansion up to second order.
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To obtain the moduli space metic, we examine
Effectivefield theory of MCDBHs as a scalar field

Y. Deguraand KS, Class. Q. Grav. 17 (2000) 4031

We consider a coupled system (extended sourcel)
s= [ dx (9 R-2(V¢)* - e**F*
J d*x7—[R-2(V9)*- |

+ ] d*x\-g[-¢’'e*g" (P, + GA)(P, + GA o — me®¢’¢]
a/m=(1+a%)"

and take a Low-Energy limit (-P,-m=E-m<<m, etc.)
ansatze

ds® =-U~*(x)(dt+ Bdx')? +U *(x)dx?
U(x)=[V

2a¢ _ [V (X)]2a2 /(1+a®)
1

A= N {1- [V " bt + Adx’

1+ a

We consider field equations up to linear order in A;(x) and B;(X).
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The Dilaton field eg., (00)-component of the Einstein
egd., and (0) component of the “Maxwell” eq.

oV +8x(l+a’)mU 3\(0\2 =0

(O1)-component of the Einstein eg., and (i) component

of the “Maxwell” eq.

1+a° 2(a2-1)/(1+a?) _ap > A
—o 2|V F.|=8m0e 9" (P +0A)p
- 1 1
where A =AT ,/1+an|3i

We obtain the effective lagrangian density for the “non-

relativistic fidld” W=~2mU *?p-

1

x A )2
e ¥ (PHOA)NY

L=y (-P,-my-

1 1+a° 1 ~,
+ - F
1677 3— a2 V2(1—a )/(1+a®) ,
which is directly applicable to the analysis of the many-

body system



Effective field theory of slowly moving ‘extreme black holes’

1

Figure 1. The density distribution of the isothermal sphere of ‘extreme black holes’ for different
values of the coupling constant of the dilaton field: (a) a2 = 0, (b) @> = 1 and (¢) a® = 2. The
full curve denotes § = 0 (the high-temperature limit), the broken curve § = 1 and the dotted curve
§ = 10. :




H

From the effectivefield theory to

the moduli space geometry

1

_ 1 1+a° 1 IE
= 2mv(3—a2)/(1+a2)

167 3— a2 V2(1—a2)/(1+a2)

W (P+0A)2y -

use

i 1
- P - mV(3—a2)/(1+a2)

2 A
_ i Zz 0, |V OE | = 47

y (P+0A)y =y vy

V-J=0
p=yy
oV +4n(d+a’)mp=0

and take the particle-source limit

I(X) = Z%Va(s?’(x ~x.)

P09 = XX -x) o

2
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Finally, we get the Hamiltonian (here, written with v)
of O(v?):

H=|u d
2(1-a?)

_2_ 2 4 3 ol 2 [ x|V o] e 2‘”“‘”‘7

x{%ra Ty|Vy — vb\z —(ryxry)- (v, X vb)}
V(X) =1+ (1+a?) > e i

with

where r,=xXx-X, .

In general, above integration needs “regularization”.

eg. | xE)/xP-0  (p>0)



Another form ((N+1) dim.)

H zzva" b1(5'5’ +8,0" - 5kj5i1)&ai8bj|‘

2(N-1)

with =~ de [V ()] n-2:a?

V(X)=1+
where (N — 1)(N 2) Ava e Ir c‘

20



21

In general, there are many-body (velocity-

dependent) interactions among BHs.

OFor a=0 (usual extreme RN BHs) thereare
2-body, 3-body, and 4-body for ces.
OFor a*=1 (string theory)
thereare only 2-body interactions
(in any dimensions!).
OFor a=3 (Kaluza-Klein)
thereisnointeractionsup to thisorder.
0Other Special Cases.
Only 2-body and 3-body interactions exist
for a’=1/3.
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3. Two-Body Problem

The parameter of the center of mass can be removed as

the inerti

al motion, as usual.

Themetric of the moduli spaceis:

where

—

nr) =

.

dsys = 1(r)|dr? + r2dQ?]

r: the distance between two BHS

2 2
L M_@G-a)Mm M(1+ (1+a*)m,

(3-a?)/(1+a?)
u r m, r )

2
+M(1+ (L+a’)m,

(3-a2)/(1+a?) |
m, r )

—

where M=m,+m,: Tota Mass
u=m;m,/M : Reduced Mass



>>>>>|n the limit of W/M 0,

2
+(1+a)M
r

)(S—az)/(l+a2)

nr) = (1 (for r>>u)

e for finite u:

For &=0, we recover the result of Ferrell et al.

3M 3M* M°( 2u
ry=1+ + + ——
10 r re r3( I\/I]

For a’=1/3, (regardless of the value of 1)

Y(r) :(1+ ﬂ)z

3r

For a=l, (regardlessof the value of 1)

qx(r):1+2—|vI

I
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The Surface of the M oduli Space
We pick up the "equator"” of the moduli space.
And introduce new coordinate rather than the isotropic

one
dss = 7(r)|dr® + r’d6?]

= h(R)dR* + R*d6?
= dR* + dz*(R) + R°d6?

where R:’YUZ I,
-2

( \
hRr) =[14+ 9
\ 2Y dr/

2
B
dR

and
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For a’<1/3, the minimum value for R exists. The
“throat” of the surface located there.

For a’=1/3, R approaches a constant asr 0.

For a>1/3, the “origins’ of two coordinates
coincide.

In the vicinity of theorigin, R 0, the metric looks like

2
2(1+ az) 2 2 1 A2
ds’.. = dR°+ R°d@O
s 33> -1

The deficit angle around the origin is

2
A9:3 a27r
1+ a

For a=1/3, AO=2m
For =1, AO=mt
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4. Classical Scattering

KS, Int. J. Mod. Phys. D2 (1993) 59
We can define the scattering plane for the two-body

problem, so the parameters are the distance between
two BHs (r) and the azimuthal angle (0).

For the Scattering problem, The gedesic on the
moduli spaceis described by

(df)z_rﬁ(f)_l“
do) | b* r?| *

—

where

b iIsthe impact parameter.
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® Comparison with the small mass in the

background geometry (Classical analysis)

Under the assumption that one of the BH mass is much smaller than the
other’s, the motion of the small mass will be described by the test particle in
the back ground geometry of the extreme BH.

Further, we can identify the coordinate of the test particle and that of the
moduli space.

Jd 2 Aaﬂ
TheAction for the test particleis Slme + " s |

where g/m=(I+a?)"=.

After some manipulation, we get the equation once integrated.:

ﬂ i _ r4[ E-m 2V4/(1+a2) n 2m(E - m)V(S—a2)/(1+a2) _i]
do L L L° r2J

where E and L are integration constants and V (' )= 1+(1+a*)M /r

For the scattering problem, we should set E=m/(1-v?)"? and L=mvb/(1-v?)"?

Then wefind

1(dr i 1 a%)l(1+a® 1 v +a
o) v gy o

Therefore the results of two approach coincide with

each other in the small mass and low-velocity limit.
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Motion of atest particle in the multicentered solution

IS an interesting subject to study.

In the MP background, it is known that

the motion may be chaotic and the set of the initial
condition may have a fractal structure if classified by
the "goal" bh.

kkhkkhkkkkkkkkhkkkkhkhkkkkkk*k
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Classical analysis of

Coalescence of two BHs

If the right hand side of eq * never becomes zero, the
trajectory ends up to the origin, i.e., two BHs coal esce.

For W/M O, thecritical valuefor b isgiven asfollows:

1-322( 3— &2 (3-a?)/{ 2(1+a*)}

b, = 2 (1_ 332) M for a’<1/3
4

b, =3 M for a°=1/3

for b<b,, two BHs coalesce.

JFor a©>1/3, the BHs never coal esce.
This can be seen from the moduli space geometry, as

we have seen.
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Cross section (Classical analysis)

K. Shiraishi / Moduli space metric for black holes

The deflection angle © isgiven by

o- [ 2bdr -

I 2 2
: rJ ry(r)—b
wherer , satisfies r ,y(r ,)=b".
We can express the differential cross-section using ©.

do _|sn®© do B
dQ | b db
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For a*=1,

®:2tan‘1M
b
and
do 1 M’

dQ  4sin*(0/2)

This behavior (much alike Rutherford Scattering) can
be expected by observing the geometry of the moduli
space.

--- the deficit angle=nt near theorigin for a*=1.



5. Quantum Scattering

We consider wave function in the moduli space.

The Schroedinger Equation iswritten as

¥ [ n
Ih(}’t_( 2uA+h§RMS)\P

where A isthe covariant Laplacian on moduli space.

Ry 1S the curvature of the moduli space, but hereafter we consider
&=0 for simplicity.

For two-body problem, the wavefunction in a stationary
state for the relative motion can be factorized as

P = 7, ()Y, (6,9) XP(—IEL/ 1)

where E=0’0*/(2u).
Theradial function is governed by

W+ 2 l//+11//—1(1+1)

y+q°yy=0,
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In close limit, the wave function can be described by
Conformal Quantum Mechanics.
(K. Sakamoto and KS, Phys. Rev. D66 (2002) 024004)

kkhkkhkkkkkkkkkkkhkhkkkkkk*k
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® Comparison with the small mass in the

background geometry (Quantum mechanical analysis)

Under the assumption that one of the BH mass is much smaller than the
other’s, the motion of the small mass will be described by the test wave in the
back ground geometry of the extreme BH.

Further, we can identify the coordinate of the test wave function and that of
the moduli space.

The Wave Function for the test particleis
(V¥ +igA" )e™™ (V, +igA, )¥ —e*’m*¥ =0
where g/m=(I+a%)"? and b-c=1.

After some manipulation, we get the equation for the radial function:

r 2X r h L V J

2
where X= g%,

In the non-relativistic and low-energy limit, hg<<m,

above eqguation becomes

pr i 2y Xy 104D
r 2X r

Therefore the results of two approach coincide with each other in the small
mass and low-velocity limit, up to the coefficient of thefirst derivative term.

Wy - _qzv(&az)/(ua?)\{, n O(q“)
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Effective Potential
The equation ** can be written in a ssmple form by
Introducing a new coordinate

R= | \[ydr

and writing

X
N
Y
Then one finds

et (@ =V )y =0

/
1(r 1(1+1
V= (7/)+(2)
ry\y

where

I
Therangeof R
For a <1/3, [-o0, +od]
For a’>1/3, [0, +]



Classical and Quantum Scattering of ... 71

Fig. 1. The potential V(R) is plotted against R, for several cases. (a) a? = 0, (b) a? = 1/3,
(c) a®> =5/7, (d) a®> = 1 and (e) a? = 7/5. The | = 0 and | = 1 cases are shown in each figure.
Here, R is normalized by r4 and V(R) is normalized by (r4)~2, with r4 = (1 + a2)M.




72 K. Shiraishi

------

a~2=5/1

—1=0

Y(R)

at2=1

o
r"l
N~ 7

—1=0

~1=1

(d)

Fig. 1. (Continued)
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Classical and Quantum Scattering of ...

a~2=1/5

(e)

Fig. 1. (Continued)

Fig. 2. The potential V(R) for | = 0 is plotted against R in a graph. The normalization is the
same as in Fig. 1.
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WK B approximation

Phase shift
oo 1 21+1
51:_qRO+JRO(\/q2_Veﬁ_H_ J+ 2 "
, 1
(Var (RI=0" - 5)

deflection angle

. 0 1
=1+ J.ROdRE_\/qZ_Veﬁ —H

simple exercises!



delta_l / gq
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delta_l/ g
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FIG. 3. The phase shift and the deflection angle. Al is a phase shift for a®> = 1, A2 is a

deflection angle for a® = 1, B1 and B2 are phase shift and deflection angle for a* = 1/3.




Quantum Mechanical analysis of

Coalescence of two BHs (for a®<1/3)
The Effective Potential hasa Maximum Value.

In thelimit W/M 0,
(3-a%)/(1+a®)
~41(1+1)(1—3a2) T

Vmax - 2
1-3a

3-a’

Thewave goes over thetop and is absorbed

( R=-o0), I.e. two BHs coalesce. This occurswhen

10+ _1-saf(3-a? )
g 2 |1-3a°

M

For &>|/3, the BHs never coalesce.
This can be seen from the Effective Potential.



For 1/3<a’<l, there seem to exist quasi-stable states.

(This means the long stay in the vicinity of the BH)

(K. Sakamoto and KS)

FIG. 5. The partial cross-section for I =0, A for a? = 2/5, B for a® = 9/20 C for a2 = 1/2.
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Summary

We have studied the Iinteraction among the
maximally-charged dilatonic BHs in the low-velocity
limit.

The nature of the interaction depends on the value
of the dilaton coupling "a", in quality as well as in
guantity.

a=1 1s a gpecial value, (in any dimensions), for
realizing a ssmple 2-body interactions.

There is another critical value, for coalescence of
two MCDBHs: it isa*=1/3.

The geodesic approximation is fairly justified in the
small mass and low velocity limit, by using the test
particle/wave analyses.
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